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RESIDUAL FINITENESS OF COLOR LIE SUPERALGEBRAS

YU. A. BAHTURIN AND M. V. ZAICEV

ABSTRACT. A (color) Lie superalgebra L over a field K of characteristic
# 2, 3 is called residually finite if any of its nonzero elements remains nonzero
in a finite-dimensional homomorphic image of L. In what follows we are look-
ing for necessary and sufficient conditions under which all finitely generated Lie
superalgebras satisfying a fixed system of identical relations are residually finite.
In the case charK = 0 we show that a variety V' satisfies this property if and
only if V' does not contain all center-by-metabelian algebras and every finitely
generated algebra of V' has nilpotent commutator subalgebra.

1. INTRODUCTION

Many authors have considered a natural generalization of the class of Lie
algebras called color Lie superalgebras [1, 2, 3]. We recall that, given a field
F of characteristic different from 2, an abelian group G, and an alternating
bilinear form ¢: G x G — F*, i.e.,

8(g+h’k)=8(g’k)€(hak)’ 8(gah)=8(h’g)_1>

we call a G-graded algebra L = ) gcG Lg an (e-)color Lie superalgebra if for
any x€ L,, ye L,,and z € L we have

(1) [x,y]=—8(g,h)[y,x],

(2) [[x,)’]aZ]=[X,[y,Z]]—s(gah)[.]’,[x,Z]]~

If ¢ is trivial, i.e., €(g, h) =1 forall g, h € G, then L becomes an ordinary
G-graded Lie algebra. If G =Z, and ¢(1, 1) = —1, then we arrive at ordinary
Lie superalgebras.

The aim of the present paper is to discuss the question about residual finite-
ness of color Lie superalgebras. Here we say that a color Lie superalgebra
L=% ¢cG Le is residually finite if for any x # 0, x € L, there exists a homo-
morphism ¢: L - M =3, .; M, onto a finite-dimensional color superalgebra
such that ¢(x) # 0. It is assumed here that ¢ is homogeneous, that is, we have
¢(Lg) C M, forall g € G. An example of a color Lie superalgebra which is not
residually finite is given by the Heisenberg superalgebra I' = I'(g, 4), where
g, h € G. The basis of this superalgebra is formed by the set {a;, b;, z|i € Z}
and I', =0 for a#g,h,g+h, a;€ly, biel, (i€Z), zeTl,,,. The
commutator is given by the formula

[a,-,b,~]=—8(g,h)[bi,a[]=z, iGZ,
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with all other commutators being zero. It is easy to see that I is not residually
finite since the image of z under any homomorphism onto a finite-dimensional
superalgebra is trivial.

To obtain an example of a finitely generated color Lie superalgebra it is
necessary to adjoin to I'(g, #) a binding derivation d: I'(g, h) — I'(g, h)
and then to place it into the zero component of the newly born algebra. As a
result, we obtain a superalgebra B = B(g, h) all of whose components, except
zero, are the same as in I'(g, #) and By = Iy & (d), with commutator given
by:

[da ai] = E(ga h)ai+1 - 8(}1 5 g)ai—l 5
[da b_]] = 8(h > g)b_H—l - s(g’ h)b]—l .

We ask the reader to verify that each of the algebras B(g, /) is indeed an (e-)
color Lie superalgebra, that it is finitely generated, and that it is not residually
finite (since it contains I'(g, 4)).

Any B(g, h) is center-by-metabelian in the sense that it satisfies an identical
relation of the form

(4) [x,[y,z],[u,'v]]=0,

where x, y, z, u,and v are arbitrary variables and we are using right-normed
notation. Our first result is

(3)

Theorem 1. Any finitely generated metabelian color Lie superalgebra with finite
grading group is residually finite.

The following example shows that we cannot extend Theorem 1 to infinite
grading groups. For this we consider a metabelian Lie algebra L = P o M,
where P is abelian with basis {x, y} and M is abelian with basis {z;|i € Z}.
We set [x, z;] = z;_; and [y, z;] = ziy1, § € Z. Now L is Z-graded if
L;=(z;) forall i #+1,-1, Ly =(x,z_),and L, = (y, z;). If we set
e¢m,n)=1 forall m,n e Z, then L becomes a color Lie superalgebra, and
M becomes the minimal nonzero graded ideal of L, i.e., its monolith. Thus,
L is a 3-generator monolithic metabelian algebra of infinite dimension, hence
not residually finite.

In fact Theorem 1 is a particular case of a theorem which is formulated by
using the following notation. We denote by G, the set of elements g in the
grading group G such that ¢(g, g) = 1. Similarly, G_ = {g € Gle(g, g) =
—1}. Then G=G,UG_ and G, is a subgroup of G. We also write

Lo=Y Ly, L.=) L,.
g€G, gEG_
If we use this notation then the following holds.

Theorem 2. Let F be a field, charF # 2, G be a finite group, and L be a
finitely generated color Lie superalgebra with an abelian ideal A such that L/A
is finite-dimensional and, in addition, if char F = 0, we assume that L2 C A.
Then L is residually finite.

The largest portion of this paper is devoted to varieties of color Lie superal-
gebras. As usual, by a variety we mean a class of superalgebras (with G and ¢
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fixed) satisfying a fixed system of identities. Now, given a G-graded alphabet
X = UgGG X, , an equation of the form

f(x1,...,x:)=0 (xieXg, g8€G, i=1,...,n),
where f(x;,..., Xx,) is a (nonassociative, commutator) polynomial with coef-
ficients in F, is called an identity in a color Lie superalgebra L if we have
flai,...,a,) = 0 for any choice of a;,...,a, € A such that a; € A4,
i=1,...,n.

We discuss locally residually finite varieties, i.e., in which all finitely generated
superalgebras are residually finite. It is obvious that no such variety 7~ contains
an algebra of the form B(g, h). We will show (Theorem 3) that any locally
residually finite variety 77 over an infinite field satisfies a system of identities
of the form

n
(5) [x,y™, 2= oy, x, ", 2], x€X, yeEXo, zEX,.
j=1

Here [y, x] stands for the right-normed commutator [y, ..., y, x] with
k entries of y. A surprising fact is that if such a system, for all g, A, is
satisfied in a variety 77 of a locally soluble Lie superalgebras over an infinite
field F of positive characteristic, then 7 is residually finite (Theorem 4). In
the case when F is of characteristic zero, for a variety 7” of Lie superalgebras
to be residually finite it is necessary and sufficient to require in addition to the
identities (5) that the commutator L2 of the even component L, of any finitely
generated Lie superalgebra L = Ly @& L; in 7 acts on the whole of L as a
nilpotent space of transformations (Theorem 5).

We remark that all of the results in this paper are a natural generalization of
certain results about ordinary Lie algebras in [4, 5, 6].

2. SUFFICIENT CONDITIONS FOR RESIDUAL FINITENESS

In this section we prove Theorem 2 stated in the Introduction. We recall
that the enveloping algebra U(L) is a G-graded associative algebra A4 with
imbedding 1: L — A such that

(6) W[x, y]) = 1)) —e(g, hp(y)(x),

where x € L, and y € L, and such that if 7: L — B is a similar homo-
morphism into a G-graded associative algebra B, then there exists a unique
homogeneous homomorphism f: 4 — B such that f(i(x)) = t(x) for all
x€eL.

It is known (in the case of ordinary Lie superalgebras of characteristic zero
see, for example, [7, p. 26]) that if F is a field, then ¢ is a monomorphism
which enables us to identify L with a subalgebra in 4 (under the operation

(7) [x,y]=xy—e(g, hyx,

X € Ag, y € Ay). Moreover, if E = J,.;E, is a totally ordered basis of L
such that E, is a basic of L,, then U(L) is formed by 1 together with all
“ordered” monomials of the form

(8) eey---e, (6,€E, eg<ey<---<ey),




162 YU. A. BAHTURIN AND M. V. ZAICEV

where we cannot have ¢; = ¢, for ¢; € E; with g e G_.

In particular, if L = L, ® L_ is a finite-dimensional color Lie superalgebra,
then U(L) is a free left and right module of finite type 25 over its subalgebra
U(L,), where s =dim L_. As a vector space, U(L) takes the form

9) U(L)=S(Ls) @ A(L-),

where S(V) is the symmetric algebra of the vector space V' and A(V) is the
Grassmann algebra for V. It is clear that, in general, the equality in (9) is not
a homomorphism of algebras. However, following the proofs of well-known
results, we can prove

Proposition 1. (1) U(L,) has no zero-divisors.

(2) If L is finite dimensional, then U(L) is noetherian.

(3) If L is finite dimensional and abelian and G is finite, then any irreducible
L-module is finite dimensional.

(4) If L is finite dimensional, G is finite, and charF = p > 0, then any
irreducible L-module is finite dimensional.

Proof. We have a filtration in U(L) of the form
{0}=U_,cloclUyc---cU,C---,

where U, is the linear span of all products of elements in L with at most n
factors. The associated graded algebra is the enveloping algebra for the abelian
algebra L with basis E = {J,¢ E, . Therefore, U(L) is generated by E with
respect to defining relations of the form

(10) ee’ =¢(g,h)ee, whereecE,, ¢ € E,.

It is obvious then that, in U(L), the degree of elements is defined with the usual
properties. If we restrict to the subalgebra generated by E, = J,cq, E;, then
the degree of the product is equal to the sum of the degrees of the factors (more
exactly, that the lexicographically leading term of the product is the product of
the lexicographically leading terms of the factors). Now (1) follows since E,
generates U(L,) =grU(L,).

It is sufficient to verify the noetherian property for U(L,) only, since U(L)
is of finite type over U(L,). Again the key point is passing to U(L). It is
easy to see that, under our hypotheses, we can apply for our proof the usual
procedure as found in the proof of Hilbert’s Basis Theorem with induction
over the number of variables dim L, .

Let V' be an irreducible (graded) L-module, L being a Lie superalgebra with
finite grading group G and with form ¢: GxG — F*. Then V is a left module
over U(L) = U. Every nonzero component F, is obviously an irreducible
Up-module. Since G is finite it is sufficient to establish that any irreducible
(nongraded) Ujp-module is finite dimensional. If n = |G| then, clearly, any
e(g, h) is an nth root of unity. In this case, given a basis E = {e, ..., e}
of L, the elements e?", ..., 2" generate a central polynomial subalgebra Z
such that U is a free (left, right) Z-module of finite type. For, if ¢; € L, and
e; € L, , we have

2n—1
i

etej =¢e(g, h)et" ‘eje; = e2(g, h)e}" *e;e?

= ..-=¢"(g, h)eje’" = e(2ng, h)eje?" = eje?".
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By Curtis’ theorem [8] all irreducible representations of U, are finite dimen-
sional, proving (3).

Finally, let L be a finite-dimensional Lie superalgebra over a field F of
characteristic p, p >0, xe€ L,, g € G, and f a p-polynomial annihilating
ad x. Then f(ad x) = ad f(x). For this, it is useful to notice that, given
ueU(L), u=ug +---+ug, veU(L),, we have

(ad u)(v) = (ug,v — &(g1, h)vug )+ -+ (Ug U — (8, h)vug,).
Nowif xe Ly, g€ G, and y € L, then
(ad x)P(y) = (Lx — &(&, N)Rx)?(¥) = (Lw» — &(Pg, )Ry )(¥) = (ad xP)(y).

Here, under the consecutive actions of ad x the value of the form ¢ does
not change since on the (k + 1)th step ad x transforms (ad x)*(y) € Ligin
and

e(g, kg+h)=¢e(g, 8)e(g, h)=¢(g, h).
It is easy to observe that if u = f(x) = ug +--- + g is an element with the

property ad f(x) =0 and g; # g; for i # j, then ad ug,, ..., ad ug have
the same property. Now if we take Ug s oo s Ug with n = |G|, then these
elements belong to the usual center of U(L). The subalgebra Z generated
by all u, ..., up with x running through the basis {e;, ..., e} of L, is

in the center of U(L), which is a module of finite type over Z. Now the
same argument as before proves the finiteness of the dimension of irreducible
L-modules. The proof of the proposition is complete.

Now we are able to pass to the proof of Theorem 2 stated in §1. This is quite
similar to the proof in [4].

Proof of Theorem 2. Let g;,..., g be a generating system of L such that
&1 +A4,...,8 + A contains a basis of H = L/4. By a linear change of
variables we can assume that some {g;+4,..., g +A4} isabasisin L/4 and
Gs4ls-.., 8 € A. Let {c,kj} be the set of structure constants with respect to
the given basis. Forany i, j (1 <i, j<s) we set

rij=1lgi, &1-)_ ckg.
k

It is obvious that r;j € 4. If J =idr{rij, &4+1,..., &}, then 4 D> J. On
the other hand, dimL/J < s = dimL/A4A. Then A = J, i.e.,, A is the ideal
generated by {rij’ Es415 -1 gtl 1 S i9 .] S k} .

Now we set H = L/A. Then A is a finitely generated H-module with
respect to the adjoint action. According to the above proposition, U(H) is
a noetherian algebra, hence, A is a noetherian module. For the proof of the
residual finiteness of L it is sufficient to verify the finiteness of the dimension
of its monolithic homomorphic images, i.e., those which have the least nonzero
ideal, the monolith. Without any loss of generality we can assume that already
L itself is monolithic, and M is its monolith. According to claims (3) and (4)
in the above proposition, its monolith M is a finite-dimensional space. Hence
the proof of the theorem will be complete if we manage to prove the following.

Lemma 1. Let L be a finitely generated color Lie superalgebra with an
abelian ideal A satisfying the hypotheses of Theorem 2, and let M be a
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finite-dimensional (homogeneous) ideal in L having nonzero intersection with
any other ideal K in L, K # 0. Then L is finite dimensional.

Proof. Let H = L/A. If we consider the proof of Proposition 1 then we see
that U(H) has a central noetherian G-homogeneous subalgebra Z such that
U(H) is a Z-module of finite type. Let z be an arbitrary G-homogeneous
element in Z NAnn M . Then the chain of subspaces of the form

(11) ZADZ?AD---Dz!4D -

is, in fact, a chain of U(H)-submodules. Let us assume that none of the sub-
spaces in the chain (11) is zero; in this case for any ¢ we also have z'ANM #0.
We consider also the chain

(12) MNACAnn, zCAnn, z>C---CAnny zC--- .
Since A is a noetherian U(H)-module, we have, for a suitable u, the following:
(13) Anny z¥ = Anny z¥* = ...

We consider m € M Nz*¥A, m # 0. Then, for some a € A, we have m =
z¥q. Furthermore, 0 = zm = z(z%a) = z**'a, ie., a € Anny z**!. It
follows from (13) that then z%a = 0, hence also m = 0, a contradiction.
Hence in the chain (11) not all the spaces are nonzero, that is, the action of

z on A is nilpotent. Now if by, ..., b, are the Z-generators of U(H), and
Z1, ..., z; the generators of Z , then there exist polynomials f; so that u, =
filzy), ..., u; = fi(z;) are elements in Z N Ann M . Hence any element in

U(H) can be represented as a linear combination of monomials of the form
(14) biz'l"---zf’u’l' ---u;’, 0<ki<d;, di=degf;, i=1,...,1, t; >0.

If n; is the nilpotent index for the action of #; on A4 then only a finite number
of elements of the form (14), with t; < n; forall i=1,...,/,canacton 4
in a nonzero way. Since A is finitely generated, we deduce that it is finite
dimensional. It follows by dim L/A4 < oo that also dim L < co. Now the proof
of Lemma 1 and, with it, the proof of Theorem 2 is complete.

3. IDENTICAL RELATIONS IN LOCALLY RESIDUALLY FINITE VARIETIES

Theorem 3. Let 77 be a locally residually finite variety of color Lie superalgebras
over an infinite field (with respect to a form ¢: G x G — F*). Then for any
g, h € G an identity of the following form holds in 7" :

n
(15) [x, y™, 21 = oy, x, y"0), 2],
=1

where aj € F, j=1,...,n, x€Xg, ye Xy, and z € X,.

Proof. Since F is infinite, it is sufficient to restrict to multihomogeneous iden-
tities only. It is known [9] that a variety of ordinary Lie algebras which does
not contain B(0, 0) consists of algebras satisfying (15). It follows that 7~ sat-
isfies (15) with x,y, z € Xy. To prove (15) in the case g = 0 we consider
B = B(0, h), where h # 0. We have

Bo={(d,aj(i=--—1,0,1,...)), By=(z,bi(i=--—1,0,1,...)).
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Since B is not locally residually finite, 7 Z B . Any multihomogeneous identity
with variable x € X\(Xo U X;,) is satisfied in B. Hence 7 must satisfy a
multihomogeneous identity in the variables of Xy U X, which is not satisfied
by B. Since B, is an abelian ideal, B satisfies any multihomogeneous identity
depending on at least two variables in X, . Assume first that there is no identity
with one variable in X, which is satisfied in 7”7 but does not hold in B.
Now since By is a metabelian algebra, any multihomogeneous identity in the
variables of X, satisfied by 7° but not B can be brought to the form

n
Zﬂk[xly""xk—l>xk+l’~~~axn)xkax0]EO
k=1

modulo the metabelian identity, where like terms are reduced. (Note that this
identity as well as some others to follow are not assumed multilinear.) If, say,
B # 0, then setting x; = y+ 2z, x; =y if x; # x;, and taking the sum
of monomials of degree 1 in z we get [y™, z] = 0. It is obvious that the
same substitution in each of the consequences of [[x, y], [z, u]] = 0 gives
zero. Now, clearly, [y, z] = 0 implies (15) with all a; =0:[x, y™, z]=0
with x € X}, . If we want to have (15) with z € X, then we know already that
[z,y™, x]=0, hence [[y™, x], z] = 0. Since we have

((ad )", ad x] = (Laa,~Rag)"(ad x) = (=1 () (ad 9"~ (ad x)(ad w1,
k=0

it follows that

n

(O, 51, 21= 3 () o0, 2,

k=0
which gives (15) with x,y € Xy and z € X,,.
Now suppose 7 satisfies an identity with one variable in X, which is not
satisfied in B(0, &). Since B(0, k) satisfies
(16) [x1, [x2, x3], 2] =0, X € Xo, z € Xy,

our additional identity is not a consequence of (16). We reduce that identity
modulo (16). Then it takes the form

n+l
ZYk[xk9xls"'axk—laxk+l""sxn’ Z]EO'
k=1

Let y; # 0. Then, setting x; = x+y, x; =y if x; # x;, and taking the sum
of monomials of degree 1 in x yields

n+l

nlx, y™, 2]+ (Zn) v, x,y" Y, z]1=0.

k=2

On the other hand, if we apply the same substitution in the consequences of
(16), we get terms on the right-hand side of (15), proving that, indeed, 7”
satisfies the identities of the form as claimed.

To get (15) of arbitrary form we consider B = B(g, h) with g, h # 0.
Since B is not residually finite we have B ¢ 7. As before, 7 must satisfy
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an identity in the variables of XoUX UX,UX,,,. If g+h # 0 then B,y = (z)
and the only identity including a variable u € X,,, which does not hold in B is
u = 0. However, it follows from this identity that [x, z] =0 with x € X, and
z € X}, and this implies [x, y, z] =0 with x € X,, y€ Xp,and z € X}, , i.e.,
the identity as required. Hence, we may assume that the identities of 77 which
do not hold in B include only the variables in XoU Xz U X} . It is very clear
that an “additional” identity cannot contain more than two variables in XU X
since Bg + B, + (z) is a 2-step nilpotent ideal in B. If this identity depends
only on variables in X, then it must be y =0, with y € Xy, which, obviously
implies (15). If the additional identity contains only one variable which is not
in Xg, say, z € Xj, then, since we have[y,, y,] =0 in B for y;, y, € Xy,
this identity is equivalent to [y, ..., ¥, z] = 0. If we identify all y,, ..., y,
with some y we have [y, z] =0, hence [x, ™, z] = 0, hence (15). Now
let the additional identity contain two variables x € X, and z € X, with all
the rest in Xy . Since B = B(g, h) satisfies

[y,x,Z]=Oa yEXO,xeXg,ZeXh,
b1, »]=0, Y1, Y2 € Xo,
our additional identity reduces, modulo (17), to the form

[x,vy1,...,yn,2]=0.

If we identify y;, ..., y, thenweget [x, y® z] =0. As for the consequences
of the first identity in (17), either these are zero or else they have the form of a
linear combination of monomials of the form [y, [y, x], [y*), z]], m+k =
n—1;if g+ h =0, the consequences of the second identity in (17) have the
same form, and if g + 4 # 0 then all the consequences of the second identity
are zero. It is clear the rewriting these monomials in the right-normed form
gives only the monomials in the right-hand side of (15), proving the theorem.

(17)

4. TWO LEMMAS ON REPRESENTATIONS OF SOLUBLE LIE ALGEBRAS

This section contains some auxiliary results. The motivation for the lemmas
that follow lies in the fact that, given an arbitrary color Lie superalgebra L =
dec L, , any of its components L, becomes an Lj-module, where Ly is an
ordinary Lie algebra.

Lemma 2. Let L be a finitely generated soluble Lie algebra over an infinite field
F,andlet V be an L-module. If a representation of L by linear operators of
a vector space V satisfy identities of the form

n
(18) 7, x1=Y a0, X,
Jj=1

n
(19) 2.y, x]1=> a0V, 2,y x],
j=1

then, for some m, L™ actson V as a nilpotent space of transformations, where
Lm=[L,L,..., L) with m factors.

Proof. We apply to (18) the method of divided variables due to Mishchenko
[10]. If 4; =0 forall j =1,...,n in (18), then g(x,y) = [y, x] is
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equal to zero on V identically. Since F is an infinite field, the linear span
of values of g is an ideal. This ideal contains L™ for some m because any
finitely generated soluble Lie algebra with Engel condition is nilpotent (see, for
example, [11, Theorem 4.7.2]).

Let s be the greatest of the indices in (18) such that 4, #0 and z,y € L.
We consider the operators 4, B, C, D : L — End V such that for all x € L
we have

A(x)=yx, Bx)=[y,x], Cx)=zx, D(x)=I[z,x].
Then (18) can be written in the form fB"~* =0 on L, where
s
f=f(4,B)=B-) 4,4/B.
j=1

Now let f; be the sum of monomials of total degree i in C, D in the polyno-
mial f(A+ C, B+ D). Then fy = f(4, B) and f; = f(C, D). We will show

that for each i =0, ..., s there exists a number k; such that
(20) fiBk =0
on L.

If i = 0 then such a relation follows from (18) if we set kp = n — 1.
Now we assume that the numbers &y, k;, ..., k;_; have been found. For any
nonnegative ¢ we have by (19) an equation of the form
(21) f(A+C,B+D)[(y+2)",y, x]=0.

Since F is infinite, the sum of monomials of degree i in z in (21) is also
trivial. It takes the form

(22) A0 x1+ Y figilad y, ad 2)(x).
J

Here the summation over j goes from 0 to i—1 if i <n—s and from i—n+s
toi—1if i>n—s,and g; is a homogeneous polynomial of degree i — j in
ad z and of degree d = n—s+t—i+j in ad y. It follows from (19) that
gj(ad y, ad z) has the form (ad y)bhj(ad y, ad z) if d > k; +n(i — j), ie.,
t>rij=kij+n(i—j—-1)+i-j+s. Now it is sufficient to define k; as the
greatest of the numbers r;; . Since the homogeneous component of degree i in
z is equal to zero in (21), we have (20). If i = s, then (20) takes the form

N
(23) (29, T1=3 " 4;2/[z57), T),

j=1

where T = [y¥), x] for suitable k and where the last summand in the right-
hand side takes the form A;z°T with A; # 0. Since F is an infinite field the
linear span of values of T is an ideal, while it follows from the local nilpotence
of soluble Engel Lie algebras that this ideal contains L™ for some m . Having
substituted z =T = b € L™ in (23), we get the equation of the form bs*! =0.

Now we want to prove that L™ acts on V' as a nilpotent space of transfoma-
tions. It was proved in [6] that any finitely generated soluble Lie algebra with
an identity of the form (19) is in the product of two nilpotent varieties (Lemma
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6). Hence, without loss of generality, we may assume that L™ is a nilpotent
Lie algebra.

Since L is finitely generated, L/L™ is finite dimensional. Now let {ey, ...,
e;} be a basis of L modulo L™ such that [e;, e;] can be written as a linear
combination (modulo L™) of elements ¢, with k < i, j. Let ay,...,a,
be generators of the ideal L™ including the elements of the form [e;, e;] —
i c{‘jek, where the c{‘j are the structure constants of L/L™. Using the
nilpotence of L™ it is easy to verify that, as a Lie algebra, L™ can be generated
by all commutators of the form

(24) e, ..., ef, a), ti,..., 20, i=1,..,r.

We denote by H the subalgebra in L™ generated by elements of the form
(24) with t,,...,t, < n—1. Then H is finite dimensional and acts on V
by nilpotent operators. Let w;, ..., w, be a basis of H. If v € V' then the
H-submodule W generated by v is a linear span of elements w;' cwgv .
For any h € L™ and w € W, the element Ast!w is equal to zero. Hence,
dimW < q(s+1)= N. Itis known that H can be represented as a set of upper
triangular (N x N)-matrices (see, for example, [11, Chapter 1]). Therefore,
hi---hyv=0 forany h;,..., hy € H.

For the proof it is sufficient to verify that b;---byV =0 forall b, ..., by
of the form (24). We introduce a partial ordering on the set of such elements
by setting

[el, ..., e , aj]
if (t1, ..., tg) islexicographically less than (u;, ..., u,) (we compare the com-
ponents from the right to the left). Similarly we can define the ordering of the
sets of the form {b;,...by} by comparing their terms from the right to the
left considering the ordering introduced just above.

If all b; in the set {b,, ..., by} are generators of H, then b;.---byv =0
for any v € V. Otherwise, let b; be the first from right to left generator of L™
of the form

), a] < [ef"‘) e ef,“")

bi=[e", ..., e, aj],

where at least one exponent, say ¢, , is not less than n.

If i > i, and w € L then by the Jacobi identity the commutator [e;, , e;,, w]
is a linear span of elements [e;,, w], where i3 < i, and [e;,, €;, , w]. It fol-
lows that if we replace one of the entries of e, in b; by ¢, with / < p then
we get a linear span of some elements b; of the type (24) and b; < b;.

If we replace one of the entries of e, in b; by a; then we get a linear span
of commutators [d;, d>], where d,, d, are of the form (24) and d,, d; < b;.
We set

c=[ef, e, ..., e((l’j‘l'), a;j).
The commutator [e,, e,] is equal to p€; + - + up_1€p—; + ax for some k,
where the gy, ..., up—; are in F. It follows that b; — c is a linear span of
some commutators d and [d;, d;], where d, d,, and d, are of the type (24)
and less than b; .

Now the element b;---b;_((b; — ¢)b;y,---byv takes the form of a linear
combination of products of the form

by---bi1djdjbiyy - byv; by---bi_1djbiyy---byv
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in each of which the “tail” on N rightmost operators, acting on v, is strictly
less than {b, ..., by}, hence we may apply our induction. So, our element
by---byv is equal to an element of the form by---b;_ich;,1---byv. We set
w = bjyy---byv. According to (18), the element cw is equal to a linear
combination of the form eé‘ckw , where

a=lefr™, e, el a],  k>o0.

The vector by -- -bi_le",‘ cyw is in the L-module generated by some elements of
the form d;---d;,_jc,w with dy, ..., d;_y € L™ . As all elements (24) generate
L™ it follows that b, ---biale";ckw is in the L-module generated by elements
81 - 8mCyw , where gy, ..., gy are of the form (24) and m>i—1.

Element ¢, is not of the type (24). If we move ¢, in ¢, from left to right
using the Jacobi identity and the relation [e;, e,] = uiey +- -+ pp—1€5—1 + ax ,
then we express ¢, as a linear span of some f; of the form (24) with f, < b;.
Hence, b, ~~~b,-_1e§ckw is in the L-module generated by

& Emfiw = g1+ gmficbiv1-- - byv.

Since f; < b; and m > i— 1, we may apply induction over the partial ordering
on the sets of the form {b;, ..., by} . By the inductive hypothesis,

&1 gmfibiy1---byv =0
and b;---byv =0.
If t, >n—1 for b; with k < g — 1 then the proof is quite similar to the
case k = q. The proof of Lemma 2 is complete.

Lemma 3. Let L be a finitely generated soluble Lie algebra and V a finitely
generated L-module with identities (18) and (19). Then V is a noetherian
L-module.

Proof. By Lemma 2 for some m the ideal L™ acts on V' by nilpotent trans-
formations. Now V' possesses a finite series of submodules of the form

V=VoWN=L"V> DV =L"V,D>---D>L"Vy={0}.
To prove that V' is a noetherian L-module it is sufficient to verify the noethe-
rian property of each factor V;/Vi, , kK = 1,..., N, where, in fact, each
Vi/Vis1 is an L/L™-module. Since L/L™ is finite dimensional, U(L/L™) is
noetherian and it is sufficient to verify that each module V,/V,,; is finitely
generated.

Let {e;, ..., e;} beabasisof L modulo L™ and {4, ..., a,} agenerating
set for L™ as an ideal of L. The number of commutators of the form
(25) e, ..., e a], 0<t,...,tg<n—1,

is finite. Using induction over k we want to show that Vj = V., + P, , where
P, is the L-submodule generated by all b,---bv with each b; of the form
(25) and v is one of the generators of V' asan L -module, the number of such
generators being finite. If k = 0, then it is obvious.

Now let k > 1 and suppose that V,_; = V; + P_; is already true. Then
Vi = Viky1 + H, where H is the linear span of the set of the elements of the
form

de{'mef,"bz---bkv,
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where b,, ..., by is of the form (25) and d € L™ . It follows from this that
Vi, as an L-module, is generated by V), together with the set of elements
of the form db;---bv, where d = [\, ..., el , a]. If t),...,t,<n—1
then d is an element of the form (25) as required. Otherwise, let us assume
that one of the ¢;, say ¢, , is greater than n — 1. We set B = b,---bv and

c= [eé"’), ef") s ey 6’;'1]') , a;]. Tt follows from (18) that ¢B = Zj Aje‘{ch,
where each c;, as well as d — ¢, can be expressed modulo (L™)? as a linear
combination of commutators [e{"), ..., e, a;] with s+ 45, < t;+--+1.

By lowering the total degree consecutively we get the inclusion dB € V., + P .
The proof is complete.

5. SUFFICIENT CONDITIONS FOR FINITE GENERATION
OF COLOR LIE SUPERALGEBRAS AND THEIR MODULES

We recall that for any color Lie superalgebra L we have a decomposition of
the foom L=L, o L_.

Lemmad. Let L=3%,.;L; bea finitely generated soluble color Lie superalge-
bra over a field F, char F # 2, such that for all g, h € G and r € G, we have
an identity of the following form in L :

n
(26) [x, ™, 21=3 oy, x, yin)), 2],
=1

where ay,...,an € F, x€Lg, z€ Ly, and y € L,. Then L, is a finitely
generated color Lie superalgebra and L_ is a finitely generated. L.-module.

Proof. Let L be generated by homogeneous elements x;, ..., Xpm, Vi, -.., Vm
with x;€e L_ and y;e L., i=1,..., m. We denote by H the subalgebra in
L generated by y;, x?, i=1,..., m. Then HC L,. We denote by M the
H-submodule in L generated by all commutators of the form [ay, ..., a,],
where all the a;, ..., a, are commutators of the form

(27) [yg"),...,yf,’,"'),xf"'),...,x,(,‘,”"),u]

such that v € {x;,..., Xm, Y1, ..., Ym} and the following restrictions take
place: 0<¢ty,...,tm<n,0<q,...,qm<2n.

Our next goal is to prove the equation L = M . For the elements a; and
a; of the form (27) we set a; < a; if and only if (f;,...,tm, q1,...qm) IS
lexicographically less than (¢}, ..., ¢,, 4], ..., q,,) if we compare the compo-
nents from the right to the left. We extend this partial ordering to all ordered
sets of the form {a,, ..., a,} by comparing the components from the right to
the left.

We want to prove that any commutator [a,, ..., a,] of the elements of the
form (27) is in M . This will prove L = M , because all elements (27) with the
restriction f; +---+tm +¢q; +---qgm > 1 generate L? as a superalgebra. We
proceed by induction over the partial ordering.

If the exponents ¢; and g; of each of the a; do not exceed n and 2n respec-
tively, then [ay, ..., a,] € M by the construction. Suppose that the inductive

hypothesis is satisfied and a; is a commutator of the form (27) with ¢, > n.

.Then the difference a; — [yﬁ,',"') , ¢i], where ¢; = [yi"), R yf,’,'i‘l') , xf"‘), e
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x,(,‘,"") , U], can be written in the form of a linear combination of commutators

[di, d2], where each factor d; has the form (27) and it is strictly less than a; .

Using identities of the set (26) one can write the commutator [[yf,',"‘), ¢l, dl,
d being arbitrary homogeneous, as a linear combination of commutators of the

form [y, Wi, ¢i],d], j> 1. Any [y&n™7, ¢;] is equal to

(q1)

(tm=J) x, . x$m) |y

DAY, v
plus a linear combination of commutators [d;, d,], where d,, d, are of the
form (27) and d;, d> < a;.

Since y,, € H, using the Jacobi identity for color Lie superalgebras proves
that [a;, ..., a,] lies in the H-module generated by commutators of the form
[bi, ..., bs,ais1,...,a]), with s > i, where all factors have the form (27)
with b < a;. Now {by, ..., by, aiyy, ..., a;} isstrictlyless than {q,, ..., a:},
hence by the inductive hypothesis, [a;, ..., a,] isin M.

Arguing similarly in the case where one of the exponents ¢, ..., t, in the
expression for a; is greater than n or one of the ¢, ..., g, 1s greater than
2n and moving x} to the left, we get [a;, ..., a,] € M in the general case.

To complete the proof of Lemma 4 it is sufficient to construct a finitely
generated subalgebra B of L, such that L, and L_ are finitely generated
B-modules. We use induction over the solubility length of L. If L? =0 then

B=L,={y,...,Ym). Now suppose that L2 #0.
Let R denote the subalgebra in L generated by the elements of the form
27y with 0<¢ty,...,tm<n,0<q,...,gm<2n,and t;, + -+ tym+q +

.-+ 4 ¢m > 1. Since the solubility length of R is strictly less than that of L, it
is possible to assume that R, contains a finitely generated subalgebra C such
that R, and R_, as C-modules, are generated by the set of elements of the
form {Y;, ..., Ya}, {Xi1,..., Xn} respectively.

It follows from L = M , proven above, that if

B=alg{C,y1, ..., Ym, X}, ..., x%}

then, as a B-module, L, is generated by Y; and y;, and L_ by all X; and
X; , proving Lemma 4.

In the case of ordinary superalgebras we derive the following result from
Lemmas 2, 3, and 4.

Proposition 2. Let 77 be a locally soluble variety of Lie superalgebras over an
infinite field F, char F # 2. Then the following conditions are equivalent.

(a) Any finitely generated Lie superalgebra in 7" satisfies the maximality
condition for ideals.

(b) Any finitely generated Lie superalgebra L = Ly® Ly in 7 is noetherian
as an Lg-module.

(c) The following identities hold in 7":

n
[X, y(”)’ z] = Zaj[y(/)’ X, y("_./)’ Z],
j=1

where i =1,2,3. Hereif i =1 then all three variables x,y, z arein Ly, if
i=2then x,y€ Ly and z€ L\, andif i=3 then ye Ly and x,z€ L,.
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Proof. If the third condition holds then 77 has an identity

n
[Za y(n)a x] = Zﬁj[y(j)a z, y(n_")’ x]
Jj=1

for z € Ly, x,y € Ly, and By, ..., B, € F. Indeed this is another ex-
pression of the identity (c) for i = 2, because [x, y*), z] with an arbitrary
k is equal to (—1)¥[z, y*), x] modulo the linear span of the commutators
[y®, z, y=D x], i > 1. It follows from Lemma 4 that both L, and L,
are finitely generated Lo-modules. Applying Lemma 3 we get (b) and this,
obviously, implies (a). Now we want to prove that the first condition of the
proposition implies the third one. We consider the ideal I; in the 7 -free al-
gebra L generated by [x, z], [x, ¥, z], ..., [x, y®, z], where x, y, and z
are free generators of L. Then I, C I, C --- and, by the maximality condition,
I, =1,_; for some n. Hence, [x, y, z] € I,_;. It follows that

n
[x,y™, z]1 =) glx, y"7, 21,
Jj=1

where g; is a polynomial depending on ad x, ad y, and ad z. Since F is an
infinite field and x, y, z are free generators, it follows that g; = B;(ad y)’ .
Varying the parities of x, y, z, without any difficulty we get all three identities
as claimed. The proof is complete.

Lemma 5. Let L = Ly® L, be a finitely generated soluble Lie superalgebra with
identities of the form

n
28)  [x,y™,z]1= oV, x,y" N, 2], x,y,z€ L,
=1

n
(29) [x,y(n)aZ]=Zﬂj[y(j)ax’y(n_j)azls X,,VGLO, ZGLI’
j=1

n
30) [x,y™,z1=) "y, x,y", 2],  yelLy, x,zeL.
j=1

Suppose also that M = My ® M, is a finitely generated L-module, and the
following identities hold for the representation of L on M :

n
(31) ™, zlv =Y Ay, zlv,
j=1
with ye Ly, ze Ly, AjjeF,and i=0 ifve My, i=1 if ve M. Then
M is a finitely generated module over the superalgebra H = Lo & [L§, L,] for
any ¢c>2.

Proof. By Lemma 4 we can say that L, is finitely generated and L,, as an
Lo-module, can be generated by a finite set of elements x;, ..., x; € L;. Let
{e1, ..., en} be abasis of Ly modulo L§ chosen in such a way that, modulo
L§, [ei, )] is equal to a linear combination of elements of the form ¢, k <




RESIDUAL FINITENESS OF COLOR LIE SUPERALGEBRAS 173

i, j. Then, modulo [L§, L,], L; becomes the linear span of commutators of
the form

(32) e, ..., el x].

We order the commutators of the form (32) by comparing vectors (¢, ..., tm, i)
lexicographically from the right to the left. Now if {u;} is a finite set of ho-
mogeneous generators of M as an L-module then, by Poincare-Birkhoff-Witt’s
Theorem, M as an H-module can be generated by the elements of the form

(33) bl"‘bruj, b]>"'>br, rZO,

where by, ..., b, are commutators of the form (32). Let T denote the H-
submodule of M generated by all elements of the form (32) such that each b;
satisfies the conditions ¢, ..., t,, < n. To prove our lemma it is sufficient to
verify that each element of the form (33) isin 7. For r = 0 the above inclusion
is obvious. Now suppose that it holds for all numbers less than r. Then, by
the Jacobi identity, it is sufficient to verify that T contains all elements of the

form b;b,---byu;, where the restrictions ¢, ..., ¢, < n hold for b,, ..., b,
and b, >--->b,.
Now let b; = [egq‘) Y eees ,(,’,"") , Xi]. We consider first the case where ¢, ...,

gm <n.If by > by then b;---b,u; isin T by construction. If b; > by > b4y,
then applying induction over r shows that b, --- b,u; is congruent, modulo T,
to B=b,---bibibi;;---bu;. In the case where b, # b;;; we find that B isin
T, otherwise, if b; = b;;|, we have B € T by the induction hypothesis, since
b?eLyCcH.

Now let the exponents ¢, ..., ¢n , in the expression of b, , be arbitrary. We
set by---bu; =v. If g > n then, using identity (31), we can write bjv asa
linear combination of elements of the form e{c;v, where ¢; is a commutator

of the form (32) with t; <n—-1.1If g >n and d = [ej(."’), ei"') Y eees e,(,‘,””) , Xil
then the difference b;—d can be expressed, modulo H , as a linear combination
of elements of the form (32) which are strictly less than b, . This enables us to
lower the degree of b; with respect to any of the variables e; using (31). So,

all reduces to the situation considered above, and the proof is complete.

6. FINITE DIMENSION OF CERTAIN MODULES OVER LIE SUPERALGEBRAS

All results that follow from now on refer to Lie superalgebras over a field F
of characteristic different from 2.

Lemma6. Let L, M, and H be asin Lemma 5. If Q is an infinite-dimensional
H-submodule in M and dimM/Q < oo, then Q contains a nonzero L-
submodule.

Proof. Let {e, ..., en} be abasis of Ly modulo L{ and {x;} a finite set of
elements, generating L; as an Ly-module. Let {z;, ..., zy} be the set of all
commutators of the form

(34) €9, e x], 0<aqi,....,gm<n-—1.

We denote by {A4,, ..., Ar} the set of all linear operators on M of the form
zj,-++ 2y, N>1i >---> i, > 1. By our hypothesis we can choose in Q an
infinite-dimensional subspace W; such that 4, W, Cc Q. Now we can choose in
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W, an infinite-dimensional subspace W, such that 4,W,; C Q. By repeating
this procedure we will arrive at a nonzero vector v in Q such that 4;v € Q
forall i=1,..., T.

Now let U(L) be the enveloping algebra for L and let P be a subspace in
U(L) spanned by the elements of the form fA4;, i=0,..., T, with 45 =1
and f € U(H). Then Pv C Q by the choice of v. The proof of our lemma
will be complete if we verify that Pv is an L-module. Since H = Lo®[L§, L],
it is sufficient to verify the inclusion aPv C Pv, where a is a commutator of
the form (32). As in the proof of Lemma 5 one can show that identity (31)
implies the following relation:

(35) aw = Zhjzjw (mod U(H)w),
j

where a and w are arbitrary in L and M respectively, each z; is a commu-
tator of the form (34), and h; € U(H). It follows from (35) that, to finish the
proof, it remains to show that Pv contains all elements of the form z;4;v.
Let A; = zj,---z;, . If k =1 then [z}, 4;]] € Lo, hence it is obvious that
zjAjv € Pv. Now suppose k > 1. If j > j, then the product z;4; is one of
the operators A4, ..., A7, hence zj4;v € Pv. Otherwise, if j_; > j > j; for
some s then moving z; to the right in the expression of z;4;v we can write
this latter, modulo Puv, as the sum of some of the products of the form

(36) Zji 2, 8rZjpy  ZjY

in which g, € Ly, r < s — 1. Moving g, to the left we get an expression
for any of (36) as the sum of some elements of the form b, = f;z;, ---z; with
Iy >0 > >0k, 2<t<k, f € L. Hence, considering (35), we express
zjA;v modulo Pv as the sum of elements of the form hz,4;v with h € U(H),
Ay =1z;---z;,,and s < k — 1. Applying induction over k we derive that all
these elements are in Pv, proving the lemma.

Lemma 7. Let L and M be as in Lemma 5 and the action of L§ on M and
L, is nilpotent. Also let ¢ = 2 if the characteristic of the ground field is zero. If
M is an irreducible L-module then dim M < oo.

Proof. We denote L; by Sy and [L§, S;—1] by S;,if i >0. Then S; =0
for some d. We proceed by induction over d. If d = 1 then, using the
notation in Lemmas 5 and 6, H = Ly. If M is an irreducible H-module then
H°M = 0, hence M is an irreducible module over the finite-dimensional Lie
algebra H/H¢, and ¢ =2 if char F = 0. By Proposition 1, dimM < co.

If M has a nonzero proper H-submodule then it has a maximal such sub-
module. We denote this latter by Q. Then dim M/Q < oo and using Lemma
6 guarantees the finiteness of the dimension of M . '

Now suppose d > 1. Then H = Ly ® [L§, L,] is a finitely generated Lie
superalgebra by Proposition 2. By Lemma 5, M is a finitely generated H-
module. Hence, by the induction hypothesis, all irreducible submodules and
quotient-modules of M as a H-module are finite dimensional.

Let Q be a maximal H-submodule of M, Q # M. Then dimM/Q <
and Lemma 6 complete the proof of Lemma 7.

Lemma8. Let L = Lo®L, and M = My® M, be as in Lemma 7 and the action
of Ly on My as well on M, satisfies the identities of the form (18). Also let
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M have a finite-dimensional L-submodule K which has a nonzero intersection
with any nonzero L-submodule. Then dim M < co.

Proof. First we consider the case where Ly = 0. If L{M =0 then M is a
finitely generated module over a finite-dimensional Lie algebra L/Ann.(M).
It follows by Lemma 1 that the semidirect product (L/Anny(M))@® M (where
L/Ann; (M) is a subalgebra and M is an ideal) is finite dimensional, hence
we will assume in what follows that LEM = T # 0. Now Lemma 3 applies
to both (Lo, My) and (Lo, M;), hence T is a finitely generated L-module.
In this case L, T, and T N K satisfy the hypotheses of the lemma, while the
nilpotent index of the action of L{ on T is by one less than in the case of
(L, M). Therefore, the induction argument enables us to conclude that T is
finite dimensional.

Now let D; denote the L-submodule in M consisting of those v for which
one has b;---bjv =0 for any b;,...,b; € L. We want to verify that all
D; have finite codimension in M . By our hypothesis, D, = M for some
q . Suppose the finiteness of the dimension of AM/D;,; has been proven. Let

Ap, ..., Ay be all the operators of End M of the form z,---z;, where each
factor is of the form

(37) e, ..., ex”, »il

with 0<¢#,...,tw<n-1, {e,...,en} being a basis of L modulo L,

and {y;} a finite set of elements generating L¢ as an ideal of L.

Set Bj =kerd;. Since AjM C T and dimT < oo, the codimension of B;
in M is finite. Then also for Q = B;N---NByNDj;; we have dimM/Q < co.
Now we want to show that D; D Q. If w € Q then it is sufficient to verify

a;---ajw =0 with ay, ..., a; of the form (37) without any restrictions on the
exponents fy, ..., Im.
For instance, let a, = [ef"'), cee e,(,‘,""), yi] and ¢ > n. Since w € Dy,

the factor g, in aq;---a;w can be replaced by b, and by a linear combination
of a; of the same form but also with g{ +---+ ¢y, < q1 +--- + g . Here b,

is the commutator of the form [e{®), e{®), ... (%) eldn) olim) y7.

Using (18) we can replace this latter by a linear combination of the prod-
ucts of the form eXc, in which any ¢, is a commutator of the form (37)
with ¢, +---+t,m < g1+ --- + qn. This means that q;---q;w belongs to
the L-submodule generated by b,---bjw with by, ..., b; of the form (37)
with bounded exponents e, ..., e, . Hence a;---ajw = 0 and the proof of
Q C D; is complete.

Now from the finiteness of the dimension of AM/D; it follows that, for j =1,
M has a submodule D; of finite codimension such that L°D; =0. If D; #0
then L, D, and D, N K satisfy the hypothesis of the lemma, hence, as shown
above, dimD; < oo. Thus, in the case L = Ly, M is a finite-dimensional
L-module.

Now suppose L; # 0. We make use of the nilpotence of the action of
L§ on L; and proceed by induction over the nilpotent index. We set H =
Lo&[L§, L1]. By Lemma 5, M is finitely generated as an H-module and it
follows by Proposition 2 that H is a finitely generated Lie superalgebra. By
Zorn’s Lemma there is a maximal H-submodule Q in M whose intersection
with K is trivial. Then H, M/Q, and K + Q/Q satisfy the hypotheses of
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the lemma. The induction hypothesis (the induction starts with the above case
L, = 0) enables us to assume that M/Q is finite dimensional. If Q is infinite
dimensional then, by Lemma 6, there exist a nonzero L-submodule W in Q.
Then W N K =0 by the choice of Q which contradicts the hypotheses of the
lemma. Consequently, dim Q < oo and the proof of Lemma 8 is complete.

7. LOCALLY RESIDUALLY FINITE VARIETIES OF LIE SUPERALGEBRAS

Theorem 4. Le 7 be a locally soluble variety of Lie superalgebras over an infinite
field F of characteristic different from 2. Then the property of being locally
residually finite for 7 is equivalent to the following two conditions:

(a) 77 satisfies the identities of the form (28), (29), (30).

(b) If char F = 0, then any finitely generated algebra L = Ly ® L, in 7"
satisfies an identity of the form

(38) [[xl,}’l],---,[xm,J’m],Z]=0, xi’yieLO, zelL.
Proof. We prove first that the conditions above are necessary. We have obtained
(a) in Theorem 3 for arbitrary locally residually finite varieties.

Now suppose charF =0 and let L = Ly® L, be a free algebra in 77 with
free generators of the form xi,..., X, Y1,..., W, Z1, 23, Wwhere z, € L,
and z; and all the x;, y; are in Ly. Following the argument in Lemma 5 in
[5] virtually verbatim we may assume that fV¥ = 0 for some N, where f =
ad([y;, x]1+---+[y:, x/]). If b is an arbitrary element in L, depending only
on the variablesin y;, ..., J;, then b can be written in the form b = [y,, b1]+
-+ [y, by, where by, ..., b, € L. Then the mapping x; — b; takes fVz;,
which is zero, into the commutator [b), z;], j =1, 2. Hence, if we denote
by H the intersection of L} with the subalgebra generated by y;, ..., y, we
will have a weak identity xV = 0 satisfied in the representation of H by linear
operators of Ly and L,. (Let A be an associative enveloping algebra of the
Lie algebra B. This means that B C A4 and elements of B generate A4 as
an associative algebra. If the associative polynomial f(x;, ..., x,) is equal
to zero in 4 for any x;,..., X, € B then this polynomial is called a weak
identity of the pair (4, B).)

We shall prove that if H is a Lie algebra of linear transformations on the
vector space W over a field F of characteristic zero and xV = 0 for any
x € H,then x;---x; =0 asalinear mapon W for some k, where xi, ..., X
are arbitrary elements of H .

By Theorem 4.1 in [12] H is a nilpotent Lie algebra, since (ad x)*"*! =0.
Let us prove our statement for an abelian algebra H .

Since [H, H] = 0, the unique monomial which depends on all b, ..., by
on the left-hand side of equation (b, +--- + by)N =0 is equal to N'b;---by.
Since char F = 0, it follows that b;---by = 0, and the proof of the statement
is complete for an abelian algebra.

Now suppose H' =0, t > 2. We proceed by induction over ¢. Denote by Z
the center of H. Then Z acts on W as a nilpotent space of transformations.
We may construct a finite chain of H-submodules

W=%DI’V|D"'DI’V:,'D“'DWN:0,

where W;=ZW;_, for j=1,...,N. Forany j >0, M; = W;/W;,, is an
H/Z-module and, by the inductive hypothesis, H acts on M; in a nilpotent
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way, since (H/Z)'~! = 0. Hence, H is a nilpotent space of transformations
on W, and the proof of the statement is complete.

This implies the nilpotence of the action of H on L, hence the validity of
(38) since, by Theorem 3 and Lemma 4, L; is finitely generated.

Now we want to prove that the conditions of our theorem are sufficient. Let
L be a finitely generated soluble Lie superalgebra over a field F with (28),
(29), (30) and, if char F = 0, with (38). It follows from (28) and (29) that the
representations of Ly in Ly and L; satisfy the identities of the form (18) and
(19). Similarly, it follows from (29) and (30) that the adjoint representation
of L satisfies (31). It was shown in the proof of Proposition 2 that L satisfies
all the conditions of Lemma 4. Hence, L, is a finitely generated algebra and,
by Lemma 2, there exist such ¢ that L{ acts on L as a nilpotent space of
operators. One may assume that ¢ = 2 is charF = 0. As in the proof of
Theorem 2 it is sufficient to show that if L has the least nonzero ideal K,
then it is finite dimensional. Since L as a module over itself and K as an
L-module satisfy the hypotheses of Lemmas 5, 7, and 8, it follows by Lemma 7
that dim K < oo and by Lemma 8§ that dim L < co. Now the proof is complete.

It is possible to abandon the solubility condition in Theorem 4 in the case
where the ground field is of characteristic zero.

Lemma 9. Let L = Ly® L, be a Lie superalgebra over a field of characteristic
zero satisfying (28), (29), and (30), and, for each p, let there exist an N such
that (ad([a\, bi]+ -+ [ap, b)Y =0 forall by,...,b,,a1,...,a, € Ly.
Then L is locally soluble.

Proof. We construct a subalgebra in L of the form
R=Ry®R, =Ly®[Ly, ..., Ly, L]

such that for some k we have (adb?)**! = 0 in R for any b in R,. First
consider the case where not all the f; in (29) and the y; in (30) are zero.

We can divide variables in (29) and (30) using (29) in the same way as was
done in Lemma 2. This gives the identities of the form

k
(39) [x,y®, Z1=Y "4V, x, y*), 2], x,ye€ L,
j=1

k
40)  [x,y®,Z1=S"wyV, x,y*kN, 2],  yeLy, xel.
j=1

Here, Z =[t"), z], z€ L;, t € Ly and some r. Besides, A, # 0 and pu; #0.

Let M denote the Ly-submodule in L, generated by all elements of the form
[a", b], a € Ly, b € L. Then the representation of Ly in L;/M satisfies
the weak identity »” = 0, whence we derive the nilpotence of the action of Lg
on L;/M (it was shown in the proof of Theorem 4). Consequently, for some
s, we have

(41) T,cM,

where Ty = L, and T, =[Lo, Tj_] if j > 0. We want to show that M is the
linear span of the elements of the form [a\"), b], a€ Ly, be L,. If a,d € Ly
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and b € L, then
(42) [d,a",b]-[a",d, b= Z[a(j) ,[d, a], a" =V p].

The sum on the right-hand side of (42) is one of the values of a partial lin-
earization of [y, x], y € Ly, x € L, . Hence, [d, a””), b] can be written as
a linear combination of values of the monomial [y, x] in L. It follows then
that M is the linear span of elements of the form [a"), b], a€ Ly, be L;.

Now let R = Ry @ R, be the subalgebra Ly T;. Suppose a € Ry, b € Ry,
and [a, b] = 0. Since R, C M, it follows from (39) and (40) with x = c,
y=a,and z=b that [a®),c,b] =0 for any c € R. Replacing a by b?
in this relation we get (ad b)*+*!z = 0. It follows from this that, for any b in
R, , we have (ad b2)k*! =0.

If all the B; in (29) are zero the the weak identity x"*! = 0 holds in the
representation of Lo on L;, hence 7; = 0 for some s and R; = 0. If the
coefficients f; are not equal to zero simultaneously then we have (39). As was
shown, (ad b2)¥*! is the zero map on R, for any b in R, . If, in addition, all
the y; in (30) are zero then we have [x, (x2)", z] =0 forany x, z in L;.
Hence, (ad b2)**) =0 on L, for arbitrary b in L,.

Let a;, ..., a; be arbitrary elements in Ry such that (ad 4;)T =0 in R.
We want to show that there exists sucha P = P(q, T) that (ad(a; +---+44))?
=0 in R. If H isthe Lie algebra generated by a,, ..., a; then the hypothesis

of the lemma there exists a N such that [b(™),u] = 0 for all ¥ € R and
b € H?. 1t follows from this that H? acts on R in a nilpotent way, that
is, there exists m, depending only on N, such that [d,, ..., dn,u] =0 for
dy,...,dn € H* and u € R. As a Lie algebra, H? is generated by the
commutators of the form

@3)  [@",....a7, 4], 0<ti,...,.tq<T—1,Y t;>0.

Now (ad(a; +---+4,))P(v) can be written as a linear combination of commu-
tators of the form

[bl,...,b,,agj'),...,a,(,j"),v], 0<ji,..eJjg<T—1,

where b, ..., b, have the form (43). Since the degree of each element of the
form (43) over all variables a; does not exceed g7, we have r > P/qT — 1.
It follows then that (ad(a; +---+a,))’* =0 on R if P> (m+1)qT.

It follows from what has been proved that there exists a ¢ such that for any
by, by € Ry we have (ad[b,, by])! = 0 since 2[b;, by] = (b; + by)? — b} — b3 .
In its turn, this means that the action of any element in R% on R is nilpotent.

Now we can prove the local solubility of the Lie superalgebra H = Hy® H, =
R?®[Ry, R]. Let S =SS, =alg{yi,..., Vg, X1, ..., Xg} be a finitely
generated subalgebra in H, where y; € Hy and x; € H,. We will first prove
the nilpotence of the action of Sy on S;.

If be Sy, then b=ay+---+a,+b +---+by+y, where b; = [z;, xi],
z; € Hy, a; =[ti, yi], ti € Hy, and y is a linear combination of generators

Vi,.-.,Yq. It follows from the nilpotence of the action of R? on R that
there exists such an N, that (ad y;,) =0, i = 1,...,¢9. Since (ad b;)’
= 0 there exists an N;, which does not depend on b, ..., b,, such that

(ad(by + -+ - + by))M = 0. By the hypothesis of the lemma there exists an N,
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depending only on ¢, such that (ad(a; +--- + a;))» = 0. It follows that
(ad b)Y =0 in S, and that N does not depend on b. Consequently Sy acts
on S; in a nilpotent way. Since S% C Sy @ [So, Si], it follows from this that
for some j we have SU) C Sy, where SU) is the jth term of the derived series
of S. By our hypothesis, Sy satisfies (28), which implies solubility (see [6]).
Hence S is a soluble Lie superalgebra.

It follows from the definition of R and from (41) that L) ¢ R. Now R
has an ideal H such that the derived algebra of R/H is an ordinary Lie algebra
since R2 C H+ Ry. As (R/H)? is a Lie algebra with (28), it is soluble. Hence,
RW) ¢ H for some N . It follows then that L9 c H for some ¢.

So far we have proved the local solubility of L9 | an ideal of the Lie super-
algebra L. To derive the local solubility of L we need two auxiliary lemmas.

Lemma 10. Let L = Ly ® L, be a finitely generated Lie superalgebra satisfying
the conditions of Lemma 9 with locally soluble derived algebra. Then Ly is a
finitely generated Lie algebra.

Proof. If L is a Lie superalgebra generated by even elements y;, ..., y,, and
odd elements X, ..., X, then this is the linear span (modulo alg{y,, ..., Ym})
of the commutators of the form [b,, ..., b,] such that each factor is a com-
mutator of the form [yj,, ..., yj , x;]. Each commutator of this kind can be
replaced by a linear combination of elements of the form

(44) S RURR L T

where A, ..., h, are commutators of the form

(45) [yiﬂl),,ygl’lm),yj], #l++,um>0

If Hy=alg{y:, ..., ym} then, by the hypothesis, Hg acts on L in a nilpotent
way, hence ¢ in (44) does not exceed a certain number ¢ .
Using (28) and (29), as was done in Lemma 3, it is easy to observe that

[by, ..., b] is in the Hy-submodule generated by the commutators of the
form [cy, ..., ¢], where each ¢; has the form (44), (45) with Ay, ..., Ap,
Ui, ..., Um < n—1. The number of these elements is finite. If we denote these
elements by z;,..., z, then L coincides with the Hj-submodule generated
by B+ Hy, where B = By® B, = alg{z;, ..., z,}. Since all the z; are in By,
the derived algebra B2 of B is generated by a finite number of commutators
of the form [ziy'), e z,(,"’), z;] with 0< 1, ..., 7% <2, Y7 >0.

Since L? is locally soluble and B? c L?, B is a soluble Lie superalgebra
satisfying the hypotheses of Lemma 4. Hence, B; is a finitely generated Lie
algebra. Since Ly = alg{y,, ..., Ym, Bo}, it follows that the proof of Lemma
10 is complete.

Lemma 11. Let L be a Lie superalgebra satisfying the conditions of Lemma 9.
If L? is a locally soluble Lie superalgebra then L is locally soluble.

Proof. Let L be finitely generated. Then, by Lemma 10, its even component
Ly is finitely generated, too. By the hypothesis of Lemma 9, L(Z) actson L in
a nilpotent way.

As before, L@ c H, where H = R? & [Ro, Ri]. If d = dimLy/L} then
any element ~ in Hy can be written as the sum of at most d + 1 summands,
one of them being in L2, while the remaining have the form [a,, a;], where
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a, a; € R,. Since (ad[a,, a;])' = 0 there exists a p such that (ad A)? =0,
p not depending on & € Hy. It follows then that the action of Hy on H; is
nilpotent and that H is soluble (as in the proof of Lemma 9). Since L9 c H,
L is soluble, proving the lemma.

To finish the proof of Lemma 9 it is sufficient to recall that L@ is locally
soluble for some g. Now Lemma 11 enables us to derive the solubility of
L@-Y 1@-2) L, and the proof is complete.

Theorem 5. A variety 77 of Lie superalgebras over a field of characteristic zero
is locally residually finite if and only if it satisfies identities of the form (28), (29),
and (30), and, in any finitely generated algebra of 7°, we have an identity of
the form (38).

Proof. If a variety 7~ satisfies all identities listed above then, by Lemma 9, it
is locally soluble. By Theorem 4, 7 is a locally residually finite variety.

Now let 7° be a locally residually finite variety of Lie superalgebras. By
Theorem 3 then (28), (29), and (30) hold. As in Theorem 4, for even free
generators X, ..., X;, Y1, -.. , ¥; of arelatively free algebra in 7, there exists
a number N such that (ad([x;, y1]+--- + [x:, ¥:]))" = 0. Consequently, any
finitely generated algebra in 77 is soluble by Lemma 9 and, as was shown in
Theorem 4, it satisfies an identity of the form (38). Now the proof of Theorem
5 is complete.
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